MTH 166

Lecture-23

Revision of Unit-4 and MCQ Practice




Methods of Formation of PDE:

1. By elimination of arbitrary constants

Problem. Form the PDE for: u = ax + by, aand b are constants

Solution. Given u = ax + by (1) [u=f(xv)]

Differentiating (1) partially w.r.t x
Zu—a(1)+b(0)—a >p=a
Differentiating (1) partially w.r.ty

g—;‘=a(0)+b(1)=b =q=b

Putting values of a and b In equation (1):

u=px+qy or u= (Z;‘) X + ( )y which is the required PDE.



Methods of Formation of PDE:

2. By elimination of arbitrary functions

Problem. Form the PDE for: u = f(x? + y?%)

Solution. Given u = f(x? + y?) (1) [u=f(xy)]
Differentiating (1) partially w.r.t x

=LY S p =2 +yHE) S L=+ ()
Differentiating (1) partially w.r.ty

=y > q = f (2 +y)@Y) = =24y ()
Comparing (2) and (3), we get: = = qu

= py = qx or (g—z) y = (gy) x Wwhich is the required PDE.



Classification/Nature of Partial Differential Equations:

Let us consider a general second order homogeneous PDE:

0%u 0%u 0%u ou ou
Aﬁ_l'Baxay_l_Ca_yz-l_Da_l_E@_l_Fu_ 0 where u = f(x,y)
or
Auy, + Buy, + Cuyy, + Du, + Euy, + Fu =0 (1)

Equation (1) will be:

1. Hyperbolic iff (B> — 4AC) > 0
2. Parabolic iff (B — 4AC) =0
3. Elliptic iff (B2 — 4AC) < 0

Note: Coefficients of second order partial derivatives only decide nature of PDE.



Wave Equation

. . 0d%u > 0%u
Equation: —— = C“——

Nature: Hyperbolic
Solution: 1. u(x,t) = (ax + b)(ct + d)

2. u(x, t) = (aeP* + be P*)(ce’Pt + de™CPY)
or

u(x,t) = (a coshpx + b sinh px)(c cosh Cpt + d sinh Cpt)

3. u(x,t) = XT = (acospx + bsinpx) (c cos Cpt + d sin Cpt) (Most suitable one)



D’Alembert's Solution of Infinitely long wave (string)

0%u

- ion be: L% — c22°u
Let given wave equation be: P C ™ (1)

such that —oo < x < oo,t > 0
with initial displacement = f(x) and initial velocity = g(x)
Then. D’ Alembert’s solution of equation (1) is given by:

fx+Ct

u(x, t) = %[f(x + Ct) + f(x — Ct)] +% o 9(s)ds



Heat Equation

5 .
Equation: ou _ = (2 — o7u . distribwuti

ot | 0x? L] ,,(} \/\ __| y

Nature: Parabolic
Solution: 1. u(x,t) = Ax+ B ;

2. U(X, t) — (Aepx + Be—px) eCzpzt
or

u(x,t) = (A coshpx + B sinh px)eCzpzt

3. u(x,t) = (Acospx + B sin px)e‘Czpzt (Most suitable one)



Laplace Equation

: 0°u = 0%u
[ — I‘]
Equation: —— + 37 0

Nature: Elliptic

Solution: 1.u(x,y) = (ax + b)(cy + d) 0

2. u(x,y) = (aeP* + be P*)(ccospy + d sinpy)

or
u(x,y) = (a coshpx + b sinhpx)(c cospy + d sinpy)
3. u(x,y) = (acospx + bsinpx) (ae?Y + be™PY)

or

u(x,y) = (acospx + b sinpx) (a coshpy + b sinh py)

d



MCQO Practice Questions

In next section we will be discussing some MCQ
guestions from previous years question papers.



i, -

u a u .
+ =0 is
x3 9yt

* (a)u = (cycospx + ¢y sinpx) (cycoscpt +cysinept)  (b)u = (cqcospx + ¢ sin px) cye~CP
(©)u = (cycospx + €;sinpx)(c3e™ +cye ™) (d)None of these

Q38.The only suitable general solution of Lapalce's equation =

Solution. Here option (a) Is a solution of wave equation as both parts involve
trigonometric cosine and sine angles.

Option (b) Is a solution of Heat equation with exponential function with negative
power.

Option (c) is the solution of Laplace equation which got two practically feasible
solutions and it is one of those.

Hence Option (c) is the correct option.



Q39.Which of the following partial differential equation represents the one-dimensional heat flow

equation’? ” \ | -
( )a,, ,a - (b)—=c"— (C) = = = (d)None of these

i y.

Solution. One-dimensional Heat equation is given by:
au 2 62

at =C x2

Hence, option (b) Is the correct option.



A

-

Q41.Which of the following is the solution of given partial differential equation 4)—“ +==0

(J)AG"‘;x*n (b) A e"" X=) (C) 3 g"" X—a) (d) 3 gl XY

Solution. We have already done this question in Lecture-19, slide-5
Hence option (c) Is correct option.



Q42.The partial differential equation La g 32 s classified as

o dxdy e
(a) Elliptic (b) Hyperbolic (c) Parabolic (d) None of these
Solution. Given equ. IS: Uy, — 3u, =0 (1)

Comparing with: Au,, + Buy,, + Cuy, + Du, + Euy, + Fu =0
WehaveA=0,B=1,C=0

Here (B? — 4AC) = (1)* —4(0)(0)=1>0

So, equation (1) is Hyperbolic.

Hence, option (b) is correct option.



a1

quation of minimum
ax

Qadlfz = f (;-') ais any fixed constant and p = :—' q=
X
order satisfied by : is

- Then the partial differential €

(@)p = ag (b) 2= pq ©z=ep+®  (@pr+qy=0
Solution. Given z= f(%) (1) [u=f(x)]
Differentiating (1) partially w.r.t x

0z _ ¢r(X)(1 — (XY (L — fr (X

==F GG =e=r(G) =mw=r(G

Differentiating (1) partially w.r.ty

2O ~o-rOF) —-2-r@ o
Comparing (2) and (3), we get: ;- = -~

2

=Py = —qy; = px + qy = 0 which is the required PDE.

Hence, option (d) is correct option.



2
Q44.Which of the following is the solution of given partial differential equation Y3 9‘ +x-=0

dy
(22

(a)Ae ( . (b) A e‘(x—:}_) (c) A eAlx® = 47) (d) A eAl3r* +y%)

Solution. We have already done this question in Lecture-19, slide-7
Hence option (@) Is correct option.



Q47.Which of the following we take as a trial solution for solving the linear partial differential equation %— = ¢* ta

ér
In the method of separation of variable
(@) X(x) Y (y) (b) X(x)T(y) (c) XG)T(®) (d) None of these

The given equation is:

au 2 62

at =C ax2

Here u Is a function of variables x and t.

So, trial solution is: u = X(x)T(t)
Hence option (c) Is correct option.



(48, Differontil eqUation Ar + Bs + Ct + f(xy,5,p.q) =0 ishyperbolc
aB-4AC<0 - bB-ACKO CR-HC0 dB-AC>0

Solution. Comparing the given equation with:

Auyy + Buyy + Cuyy, + Duy, + Euy + Fu =0 (1)
Equation (1) will be:

1. Hyperbolic iff (B — 4AC) > 0

2. Parabolic iff (B —4AC) =0

3. Elliptic iff (B2 — 4AC) < 0

Hence option (c) Is correct option.



Q49. Differential equation Ar + Bs + Ct + f(x,y,2,p,q) = 0 is parabolic if
o Bl - 4AC =0 b B2-AC=0 c.B2-44C >0 d.BZ-AC>0

Solution. Comparing the given equation with:

Auyy + Buyy + Cuyy, + Duy, + Euy + Fu =0 (1)
Equation (1) will be:

1. Hyperbolic iff (B — 4AC) > 0

2. Parabolic iff (B —4AC) =0

3. Elliptic iff (B2 — 4AC) < 0

Hence option (b) is correct option.



Q50. Equabon Yr_g2dt ”z where (x,y) # (0,0) Is

a. Parabolic b. efliptic c. hyperbolic d. None of these
Solution. Given equ. is: Uy, — XUy, = 0 (1)

Comparing with: Au,, + Buy,, + Cuy, + Du, + Eu, + Fu =0

We have A = 1,B =0,C = x?

Here (B? — 4AC) = (0)? — 4(1)(x%) = —4x* <0

So, equation (1) is Elliptic.

Hence option (b) is correct option.
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