
MTH 166

Lecture-23

Revision of Unit-4 and MCQ Practice



Methods of Formation of PDE:

1. By elimination of arbitrary constants

Problem. Form the PDE 𝐟𝐨𝐫: 𝒖 = 𝒂𝒙 + 𝒃𝒚,      a and b are constants

Solution. Given   𝑢 = 𝑎𝑥 + 𝑏𝑦 (1)          [𝑢 = 𝑓 𝑥, 𝑦 ]

Differentiating (1) partially w.r.t x

𝜕𝑢

𝜕𝑥
= 𝑎 1 + 𝑏 0 = 𝑎 ⇒ 𝑝 = 𝑎

Differentiating (1) partially w.r.t y

𝜕𝑢

𝜕𝑦
= 𝑎 0 + 𝑏 1 = 𝑏 ⇒ 𝑞 = 𝑏

Putting values of a and b in equation (1):

𝑢 = 𝑝𝑥 + 𝑞𝑦 or 𝑢 =
𝜕𝑢

𝜕𝑥
𝑥 +

𝜕𝑢

𝜕𝑦
𝑦 which is the required PDE.



Methods of Formation of PDE:

2. By elimination of arbitrary functions

Problem. Form the PDE 𝐟𝐨𝐫: 𝒖 = 𝒇(𝒙𝟐 + 𝒚𝟐)

Solution. Given   𝑢 = 𝑓(𝑥2 + 𝑦2) (1)          [𝑢 = 𝑓 𝑥, 𝑦 ]

Differentiating (1) partially w.r.t x

𝜕𝑢

𝜕𝑥
= 𝑓′(𝑥2 + 𝑦2) 2𝑥 ⇒ 𝑝 = 𝑓′(𝑥2 + 𝑦2) 2𝑥 ⇒

𝑝

2𝑥
= 𝑓′(𝑥2 + 𝑦2) (2)

Differentiating (1) partially w.r.t y

𝜕𝑢

𝜕𝑦
= 𝑓′(𝑥2 + 𝑦2) 2𝑥 ⇒ 𝑞 = 𝑓′(𝑥2 + 𝑦2) 2𝑦 ⇒

𝑞

2𝑦
= 𝑓′(𝑥2 + 𝑦2) (3)

Comparing (2) and (3), we get: 
𝑝

2𝑥
=

𝑞

2𝑦

⇒ 𝑝𝑦 = 𝑞𝑥 or
𝜕𝑢

𝜕𝑥
𝑦 =

𝜕𝑢

𝜕𝑦
𝑥 which is the required PDE.



Classification/Nature of Partial Differential Equations:

Let us consider a general second order homogeneous PDE:

A
𝜕2𝑢

𝜕𝑥2
+ 𝐵

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ C

𝜕2𝑢

𝜕𝑦2
+ 𝐷

𝜕𝑢

𝜕𝑥
+ 𝐸

𝜕𝑢

𝜕𝑦
+ 𝐹𝑢 = 0 where  𝑢 = 𝑓(𝑥, 𝑦)

or

𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0 (1)

Equation (1) will be:

1. Hyperbolic iff 𝐵2 − 4𝐴𝐶 > 0

2. Parabolic iff 𝐵2 − 4𝐴𝐶 = 0

3. Elliptic iff 𝐵2 − 4𝐴𝐶 < 0

Note: Coefficients of second order partial derivatives only decide nature of PDE.



Wave Equation

Equation:
𝜕2𝑢

𝜕𝑡2
= 𝐶2 𝜕2𝑢

𝜕𝑥2

Nature: Hyperbolic

Solution: 1. 𝑢 𝑥, 𝑡 = (𝑎𝑥 + 𝑏)(𝑐𝑡 + 𝑑)

2. 𝑢 𝑥, 𝑡 = (𝑎𝑒𝑝𝑥 + 𝑏𝑒−𝑝𝑥)(𝑐𝑒𝐶𝑝𝑡 + 𝑑𝑒−𝐶𝑝𝑡)

or

𝑢 𝑥, 𝑡 = (𝑎 cosh 𝑝𝑥 + 𝑏 sinh 𝑝𝑥)(𝑐 cosh 𝐶𝑝𝑡 + 𝑑 sinh𝐶𝑝𝑡)

3. 𝑢 𝑥, 𝑡 = 𝑋𝑇 = (𝑎 cos 𝑝𝑥 + 𝑏 sin 𝑝𝑥) (𝑐 cos 𝐶𝑝𝑡 + 𝑑 sin 𝐶𝑝𝑡) (Most suitable one)



D’Alembert's Solution of Infinitely long wave (string)

Let given wave equation be:  
𝜕2𝑢

𝜕𝑡2
= 𝐶2 𝜕2𝑢

𝜕𝑥2
(1)

such that −∞ < 𝑥 < ∞, 𝑡 > 0

with initial displacement = 𝑓(𝑥) and initial velocity = 𝑔(𝑥)

Then. D’ Alembert’s solution of equation (1) is given by:

𝑢 𝑥, 𝑡 =
1

2
𝑓 𝑥 + 𝐶𝑡 + 𝑓(𝑥 − 𝐶𝑡) +

1

2𝐶
𝑥−𝐶𝑡׬
𝑥+𝐶𝑡

𝑔 𝑠 𝑑𝑠



Heat Equation

Equation:
𝜕𝑢

𝜕𝑡
= 𝐶2 𝜕2𝑢

𝜕𝑥2

Nature: Parabolic

Solution: 1. 𝑢 𝑥, 𝑡 = 𝐴𝑥 + 𝐵

2. 𝑢 𝑥, 𝑡 = 𝐴𝑒𝑝𝑥 + 𝐵𝑒−𝑝𝑥 𝑒𝐶
2𝑝2𝑡

or

𝑢 𝑥, 𝑡 = (𝐴 cosh 𝑝𝑥 + 𝐵 sinh 𝑝𝑥)𝑒𝐶
2𝑝2𝑡

3. 𝑢 𝑥, 𝑡 = (𝐴 cos 𝑝𝑥 + 𝐵 sin 𝑝𝑥)𝑒−𝐶
2𝑝2𝑡 (Most suitable one)



Laplace Equation

Equation:
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
= 0

Nature: Elliptic

Solution: 1.𝑢 𝑥, 𝑦 = 𝑎𝑥 + 𝑏 (𝑐𝑦 + 𝑑)

2. 𝑢 𝑥, 𝑦 = 𝑎𝑒𝑝𝑥 + 𝑏𝑒−𝑝𝑥 𝑐 cos 𝑝𝑦 + 𝑑 sin 𝑝𝑦

or

𝑢 𝑥, 𝑦 = 𝑎 cosh 𝑝𝑥 + 𝑏 sinh𝑝𝑥 𝑐 cos 𝑝𝑦 + 𝑑 sin 𝑝𝑦

3. 𝑢 𝑥, 𝑦 = (𝑎 cos 𝑝𝑥 + 𝑏 sin 𝑝𝑥) 𝑎𝑒𝑝𝑦 + 𝑏𝑒−𝑝𝑦

or

𝑢 𝑥, 𝑦 = (𝑎 cos 𝑝𝑥 + 𝑏 sin 𝑝𝑥) 𝑎 cosh 𝑝𝑦 + 𝑏 sinh 𝑝𝑦



MCQ Practice Questions

In next section we will be discussing some MCQ 
questions from previous years question papers.



.

Solution. Here option (a) is a solution of wave equation as both parts involve 
trigonometric cosine and sine angles.

Option (b) is a solution of Heat equation with exponential function with negative 
power.

Option (c) is the solution of Laplace equation which got two practically feasible 
solutions and it is one of those.

Hence Option (c) is the correct option.



.

Solution. One-dimensional Heat equation is given by:

𝜕𝑢

𝜕𝑡
= 𝐶2 𝜕2𝑢

𝜕𝑥2

Hence, option (b) is the correct option.



.

Solution. We have already done this question in Lecture-19, slide-5

Hence option (c) is correct option.



.

Solution. Given equ. is:   𝑢𝑥𝑦 − 3𝑢𝑥 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0

We have 𝐴 = 0, 𝐵 = 1, 𝐶 = 0

Here 𝐵2 − 4𝐴𝐶 = 1 2 − 4 0 0 = 1 > 0

So, equation (1) is Hyperbolic.

Hence, option (b) is correct option.



.

Solution. Given   z= 𝑓
𝑥

𝑦
(1)          [𝑢 = 𝑓 𝑥, 𝑦 ]

Differentiating (1) partially w.r.t x
𝜕𝑧

𝜕𝑥
= 𝑓′

𝑥

𝑦

1

𝑦
⇒ 𝑝 = 𝑓′

𝑥

𝑦

1

𝑦
⇒ 𝑝𝑦 = 𝑓′

𝑥

𝑦
(2)

Differentiating (1) partially w.r.t y
𝜕𝑧

𝜕𝑦
= 𝑓′

𝑥

𝑦

−𝑥

𝑦2
⇒ 𝑞 = 𝑓′

𝑥

𝑦

−𝑥

𝑦2
⇒ −𝑞

𝑦2

𝑥
= 𝑓′

𝑥

𝑦
(3)

Comparing (2) and (3), we get: 
𝑝

2𝑥
=

𝑞

2𝑦

⇒ 𝑝𝑦 = −𝑞
𝑦2

𝑥
⇒ 𝒑𝒙 + 𝒒𝒚 = 𝟎 which is the required PDE.

Hence, option (d) is correct option.



.

Solution. We have already done this question in Lecture-19, slide-7

Hence option (a) is correct option.



.

The given equation is:

𝜕𝑢

𝜕𝑡
= 𝐶2 𝜕2𝑢

𝜕𝑥2

Here 𝑢 is a function of variables 𝑥 𝑎𝑛𝑑 𝑡.

So, trial solution is: 𝑢 = X 𝑥 T(𝑡)

Hence option (c) is correct option.



.

Solution. Comparing the given equation with:

𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0 (1)

Equation (1) will be:

1. Hyperbolic iff 𝐵2 − 4𝐴𝐶 > 0

2. Parabolic iff 𝐵2 − 4𝐴𝐶 = 0

3. Elliptic iff 𝐵2 − 4𝐴𝐶 < 0

Hence option (c) is correct option.



.

Solution. Comparing the given equation with:

𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0 (1)

Equation (1) will be:

1. Hyperbolic iff 𝐵2 − 4𝐴𝐶 > 0

2. Parabolic iff 𝐵2 − 4𝐴𝐶 = 0

3. Elliptic iff 𝐵2 − 4𝐴𝐶 < 0

Hence option (b) is correct option.



.

Solution. Given equ. is:  𝑢𝑥𝑥 − 𝑥2𝑢𝑦𝑦 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0

We have 𝐴 = 1, 𝐵 = 0, 𝐶 = 𝑥2

Here 𝐵2 − 4𝐴𝐶 = 0 2 − 4 1 𝑥2 = −4𝑥2 < 0

So, equation (1) is Elliptic.

Hence option (b) is correct option.



This Photo by Unknown Author is licensed under CC BY-NC-ND

https://jojofeelings.wordpress.com/2012/02/01/romantic-songs/
https://creativecommons.org/licenses/by-nc-nd/3.0/

